In this paper, a family of smooth multiply connected Calabi-Yau threefolds is investigated. It is proved that the family presents a counterexample to global Torelli, confirming a conjecture of Aspinwall and Morrison. It is also proved that an intermediate family in the construction provides a counterexample to a recent conjecture of Cox and Katz about nef cones of toric hypersurfaces.
Introduction
The principal aim of this paper is to prove • For any t ∈ B, there exists an isomorphism
preserving polarized Hodge structures over Q.
• There is a Zariski-open set U ⊂ B such that for t ∈ U , i = 0, . . . , 4, the fibres Y ξ i t are pairwise non-isomorphic as algebraic varieties.
The family is a quotient of a family of quintics, manufactured in such a way that a certain symmetry of a cover of the family fails to descend in any obvious way to a symmetry of the family itself. The existence of this symmetry on the cover is sufficient to prove the isomorphism of Hodge structures. The construction also suggests a strategy to prove the second part: an isomorphism between Y t and Y ξt for general t would force, via a specialization argument, the existence of an automorphism σ on the fibre Y 0 over 0, this being a fixed point of the action of fifth roots of unity. However, the automorphism group of Y 0 can be determined explicitly, and this leads to a contradiction, proving the second part of the Theorem.
Theorem 0.1 establishes the fact, conjectured by Aspinwall and Morrison, that the family Y → B provides a counterexample to global Torelli for Calabi-Yau threefolds. This counterexample should differ in a crucial way from the counterexamples given previously in [14] : in that paper, the Calabi-Yau threefolds having isomorphic Hodge structures were birational to each other. By [9, Theorem 4.12] , this implies that the rational Hodge structures are indeed isomorphic. However, in the present case my expectation is Conjecture 0.2 For general t ∈ B, the threefolds Y ξ i t for i = 0, . . . , 4 are not birationally equivalent to one another.
One obvious direct approach to this Conjecture is to understand the various birational models of a fixed fibre Y t . Birational models of minimal threefolds can be studied via their nef cones in the Picard group, and so one would need an explicit understanding of the nef cone of Y t and possible other models.
As I show in Section 5, this approach fails, the reason for this being the following. It follows from the construction that Y t has anétale cover Z t that is a toric hypersurface. A recent conjecture in the literature, [ At this point, the computation of the relevant nef cones seems rather hopeless. So a different approach to Conjecture 0.2 is needed.
As a general remark, let me draw attention to the fact that the varieties Y t are multiply connected with fundamental group Z/5Z. This is a curious fact. The construction of Aspinwall and Morrison requires as an essential fact that members of the mirror Calabi-Yau family should have nontrivial (and in fact non-cyclic) fundamental group. Computations of Gross [7, Section 3] connect torsion in the cohomology of mirror Calabi-Yau threefolds, and these computations imply that the cohomology (and hence homology) of Y t should have torsion of some kind. However, the direct relationship between failure of Torelli and the fundamental group seems to be mysterious (cf. Remark 1.5).
To conclude the Introduction, I outline the structure of the paper. Section 1 contains basic definitions and statements. In Section 2, the toric representation of the construction is presented; this gives an easy way to resolve singularities and will also be used in the last Section. Section 3 presents a crucial computation, that of the automorphism group of the distinguished fibre Y 0 of the family. Theorem 0.1 will be proved in Section 4, based on an argument using the relative isomorphism scheme in families. Toric cones and Theorem 0.3 will be discussed in Section 5.
The construction
In this Section, I recall the construction of Aspinwall-Morrison, make some remarks and prove an auxiliary statement that will be used later.
Following [1] , begin with
where B = C \ 1, ξ, . . . , ξ 4 . The second projection gives a smooth family
with the fibres Q t for t ∈ B being Calabi-Yau quintics. Define maps g i : P 4 → P 4 by
where ξ is a fixed primitive fifth root of unity. These transformations act on P 4 × B by extending the action to the trivial action on B, so they act on on Q and they preserve the holomorphic three-forms in the fibres. Let
All these varieties have flat maps to B in a natural way; the fibres of these families will be denoted by V t , X t ,Z t andȲ t , respectively. K is the group generated by the image of g 3 in Aut (Z). As abstract groups Proof The statements about the actions are easy to check. The group H has ten fixed curves {z i = z j = z k = 0 | i, j, k different} and each of these curves intersects Q t in five points, identified by the action, giving ten quotient singularities onZ t . The rest of the statement is clear.
As I will show in Lemma 2.3 below, the variety P 4 /H has crepant toric resolutions, which give a unique crepant resolution Z t →Z t . Here Z t is a smooth Calabi-Yau threefold with Hodge numbers
The action of K extends to a free action on Z t , and thus gives anétale cover Z t → Y t , the latter being a crepant resolution ofȲ t with Hodge numbers
The relation between all the varieties defined above is shown in the following diagram. The family Z → B admits a symmetry acting non-trivially on the base B. Define g acting on P 4 by
g descends to a transformation on P 4 /H and mapsZ t isomorphically toZ ξt . It follows from the explicit description of the desingularization that this isomorphism extends to give an isomorphism Z t → Z ξt .
Proposition 1.3 (Aspinwall and Morrison [1]) There is an isomorphism
respecting polarized Hodge structures over Q.
Proof As π : Z t → Y t is anétale cover, there is a map respecting polarized Hodge structures
where ( ) K denotes the invariant part under the K-action. On the other hand, both H 3 (Y t ) and H 3 (Z t ) are four-dimensional, so the above inclusion must in fact be an isomorphism and
Since Z t and Z ξt are isomorphic, the Proposition follows. A particular example of this construction is the theorem of Horikawa [8] , giving a Torelli-type result for Enriques surfaces using global Torelli for K3's.
However, in the case at hand a straightforward argument shows that Z t is simply connected. On the other hand, as the proof of Proposition 1.3 shows, the action of the fundamental group K of Y t on the cohomology of the universal cover Z t carries no extra information. Proof By general theory, the projective varietyȲ 0 has a versal deformation space X → S in the analytic category.Ȳ 0 is a canonical Calabi-Yau threefold. Thus H 0 (Ȳ 0 , TȲ 0 ) = 0 and this implies that X → S is in fact universal. By Ran's extension [12] of the Bogomolov-Tian-Todorov theorem, Unobstructedness holds forȲ 0 . Thus S is smooth. Further, the codimension of the singularities ofȲ 0 is three. By the argument of [3, A.4.2] , it follows that the first-order tangent space of S at the base point is isomorphic to H 1 (Ȳ 0 , TȲ 0 ), a one-dimensional complex vector space.
To show thatȲ → B is the universal deformation space, all that remains to be shown is that its Kodaira-Spencer map is injective. To this end, recall the family Q → B, a deformation of the Fermat quintic Q over B. Choosing a G-invariant three-form on Q, one obtains the following commutative diagram:
Here k and l are the Kodaira-Spencer maps, whereas the map j is given by pullback of (orbifold) two-forms 1 . The map k is injective, as Q is a nontrivial first-order deformation of Q. By commutativity, l is also injective. This proves the Proposition.
The toric description
This Section gives a toric description of the construction.
LetÑ ∼ = Z 4 be a lattice,M = Hom(Ñ , Z). Consider the polyhedroñ
together with its dual polyhedroñ
The data (M ,∆) defines a toric variety PM ,∆ , in the contravariant description of toric varieties. It is well-known that in fact PM ,∆ ∼ = P 4 . The obvious map of lattices and polyhedra
corresponds to the quotient map
where D is the group of all automorphisms of P 4 preserving the holomorphic threeforms in the fibres of Q → B. Proof The inclusionÑ ֒→M corresponds to the inclusion inM of the lattice of invariant monomials under the D-action. The sub-lattice M ofM will be the lattice of invariant monomials under the action of H. Choosing a basis of this lattice and comparing vertices leads to the stated result.
1 The sheaf of orbifold two-formsΩ
The singularities of P M,∆ , from now on denoted P ∆ , are most conveniently investigated in terms of the covariant description. The dual polyhedron of ∆ in N = Hom(M, Z) can be computed to be
For the rest of the paper, let Σ denote the normal fan of ∆ * in N R . One obtains the toric variety X N,Σ ∼ = P ∆ .
Lemma 2.2
i. There are no lattice points in the interior of ∆ * except for the origin.
ii. There are no lattice points in the interiors of three-or one-dimensional faces.
iii. There are precisely two lattice points Proof Explicit calculation. For further reference, the lattice points are listed in the Appendix.
So the variety P ∆ is Gorenstein Q-factorial, with ten curves of canonical singularities corresponding to the ten two-dimensional faces of ∆ * . The normal fan Σ over ∆ * can be subdivider using the 20 lattice points {P i , Q i }. One obtains several fans Σ η in the space N R , for permutations η of the interior lattice points. There are corresponding partial toric resolutions
given by blowing up the ten curves and then the singular loci of the exceptional divisors. The varieties X Ση have isolated singularities only.
The varietiesZ t for t ∈ B are non-degenerate anticanonical hypersurfaces in the toric variety P ∆ . The singularities ofZ t are the intersection points with the curves of singularities of P ∆ . As I proved already, there is one intersection point S i on every singular curve, for i = 1, . . . , 10 which is a 1 5 (1, 1, 3) quotient singularity. The maps X Ση → P ∆ give crepant morphisms
with Z t,η nonsingular as X Ση is nonsingular in codimension three. 
is the negative section in the Hirzebruch surface and a line in P 2 .
Proof Let η 1 , η 2 be two permutations of the interior lattice points. There is a corresponding birational map
One checks easily that the exceptional sets of this birational map are disjoint from the Z t,η i -s. This implies the first part. The second part follows from a short toric calculation.
3 The automorphism group of the central fibre
In this Section, I compute the automorphism group of the varietyȲ 0 , the quotient of the Fermat quintic Q 0 by the group G.
, where
In particular, every automorphism ofȲ 0 extends to an automorphism on all (small) deformationsȲ t ofȲ 0 .
The proof of Theorem 3.1 uses three Lemmas. The first one should certainly be well-known, but I could not find a suitable reference so I included a proof. Proof For n = 2, the result is proved in [15] . If n ≥ 3 and (n, d) = (3, 4), then I first claim that every automorphism comes from a projective automorphism in the given embedding. If n ≥ 4, Lefschetz implies Pic (X) ∼ = Z and then the claim is clear. If n = 3 and d = 4 then the canonical class is (anti)-ample and this easily implies the claim again, see [10] .
Let now σ ∈ Aut (X), A = (a ij ) the invertible matrix corresponding to the automorphism of P n . By equating to zero the terms in x gives a solution of the homogeneous system of equations corresponding to the invertible matrix A T . Hence all these quantities are zero. By symmetry, one obtains that a ij a ik = 0 whenever j = k. Hence A has at most one non-zero entry in each row. Multiplying by a suitable element in Σ n+1 , A can be brought into diagonal form, and then all its entries are d-th roots of unity. Proof The local picture of the resolution of a 1 5 (1, 1, 3) quotient singularity was discussed in the previous Section. The Picard group of the resolution X can be written as follows:
Here H = π * (OX (1)) and E i , F i are the classes of the exceptional divisors. The intersection numbers are as follows:
as H is a pullback,
Introducing the basis
Finally, the values of the second Chern class are
Now let σ ∈ Aut (X) be an automorphism. It acts via pullback on Pic Q (X), fixing the cubic form together with the linear form
I claim that the basis element H 0 = H must be fixed under the action. If this is true, then the space of sections of the base-point free linear system | mH | is acted on by σ for large m, the torsion in Pic (X) being finite. So the automorphism σ descends to the image of the associated morphism which is exactlyX. It remains to prove the claim that H is fixed by σ. However, the cubic form has been manufactured to take the shape of the Fermat cubic, and any automorphism of Pic Q (X) must fix the associated (projectivized) hypersurface. The possible automorphisms are known from Lemma 3.2. Moreover, in the case at hand the multiplications by roots of unity are excluded since σ must fix a rational vector space, and the permutations are restricted as c 2 has to be fixed also. As c 2 is negative on the H i for i > 0 and non-negative on H = H 0 , the latter is fixed and this proves the claim.
Conversely, ifσ ∈ Aut (X), thenσ extends to give an automorphism σ on the resolution by extension to the exceptional divisors in the obvious way. The Lemma follows. 
Lemma 3.4 Let X be a smooth algebraic variety with finite fundamental group G. Let Y be the universal cover of X, a smooth algebraic variety with an action of G by automorphisms. Then
The first isomorphism follows from Lemma 3.4. The second isomorphism uses Aut (Q 0 0 ) ∼ = Aut (Q 0 ), which holds because the complement of Q 0 0 in Q 0 is a finite set of points and Q 0 is smooth.
On the other hand, by Lemma 3.2, the automorphism group of Q 0 is the semidirect product G 4,5 of the permutation and diagonal symmetries. Finding the normalizer of G in G 4,5 is a finite search best done using a computer; a short Mathematica routine computes this normalizer to be
with g 4 , g 5 as in the statement of Theorem 3.1. So I obtain
and it is easy to see that this is in fact an isomorphism. Finally, by Lemma 3.3, Aut (Ȳ 0 ) ∼ = Aut (Y 0 ). This proves the first statement.
The second statement of Theorem 3.1 follows by inspection: every generator of the normalizer fixes Q t .
The proof of Theorem 0.1
The proof will be based on the following rather standard result, a version of which was used in [14] already: Proof First I work with the singular familyȲ; for ease of notation, letȲ 1 =Ȳ. Fixing an ample divisor L on P ∆ /K gives by restriction a relatively ample divisor
Let γ : B → B be the map of the base which is multiplication by ξ −1 . Let
be the pullback family; its fibre over t ∈ B isȲ ξt . This family is equipped with the pullback relatively ample line bundle L 2 = γ * (L 1 ).
Lemma 4.3 Let t ∈ B, and letȲ i,t be the fibres of the two families polarized by the ample divisors L i,t . Then every isomorphism
Proof The fibres have Picard number one, and multiplication by five annihilates every torsion element in their Picard groups. So the divisors L i,t are canonical elements of the respective Picard groups. The Lemma follows.
Continuing the proof of Theorem 4.2, consider the scheme
There is a natural map
By Theorem 4.1, this map is proper, so its image V is a closed subvariety of the quasi-projective variety B.
Assume first that V = B. Then Isom has a component I with a surjective unramified map onto a Zariski neighbourhood of 0 ∈ B. Now switch to the complex topology; let ∆ be a disc in I mapping isomorphically onto a neighbourhood of 0 ∈ B. Consider the pullback familiesȲ i,∆ → ∆. By the definition of I, these families are isomorphic under an isomorphism ϕ over ∆. Now consider the composition
Its restriction to the central fibre, our old friendȲ 0 , is a polarized automorphism σ.
By Proposition 1.6,Ȳ 1 → ∆ is the universal deformation space ofȲ 0 in the analytic category. σ acts on the base of the deformation space by universality. It follows from the discussion that this action is multiplication by a primitive fifth root of unity, i.e. a rotation of the disc. On the other hand, by Theorem 3.1, the action of every automorphism ofȲ 0 on the base of the universal deformation space is trivial. Thus σ cannot exist.
So the assumption V = B leads to a contradiction. Thus V is a proper closed subset of B. Let U = B \ V of B, a Zariski open subset of B. Over t ∈ U the scheme Isom has no points. Using Lemma 4.3, this implies that for t ∈ U there cannot exist any isomorphism betweenȲ t andȲ ξt .
Finally, if Y t ∼ = Y ξt for some t ∈ B, then an argument analogous to the proof of Lemma 3.3 shows that the singular Calabi-Yau modelsȲ t ,Ȳ ξt are also isomorphic. This concludes the proof of Theorem 4. Remark 4.4 Theorem 0.1 is also argued for in the paper [1] . Aspinwall and Morrison write down a power series in the coordinate t of the base B, following [2] , related to genus one Gromov-Witten invariants of the mirror family. This series is a function of t rather than t 5 , and this is a strong indication of the validity of Theorem 0.1. As a matter of fact, I believe that this is also an indication of the validity of Conjecture 0.2. However, a solid mathematical definition, let alone computation, of this power series has not been given to date.
Nef cones and birational equivalence
In this Section, I discuss the nef cone of the toric hypersurface Z t . The motivation for this is the direct approach to Conjecture 0.2 outlined in the Introduction. Note that the free action of the group K on Z induces an action on Pic (Z t ), and one has
So the nef cone of Y t can in theory be studied via that of Z t .
As I will show below, the obvious direct attempt to computeK(Z t ) fails rather disastrously, but it provides the counterexample mentioned in the Introduction. For simplicity of notation,Z will in this Section denote a fixed member of the familȳ Z → B.
As discussed before, a permutation η of the boundary lattice points {P i , Q i } of the polyhedron ∆ * ⊂ N R gives a a fan Σ η , obtained by triangulating the normal fan Σ of ∆ * by inserting the extra lattice points according to the given order η. Correspondingly, there is a toric partial resolution
The proper transform of the hypersurfaceZ of P ∆ is the crepant resolution Z.
Lemma 5.1 The restriction homomorphisms
Proof This follows from [13, Section 6, Theorem 2]: the point is that every curve of singularities of P ∆ meets the general hypersurface in one point, so the exceptional divisors in X Ση restrict to irreducible divisors on the hypersurface Z.
Let W denote the vector space Pic R (Z). By Lemma 5.1, W can be canonically identified with the linear Gale transform [11] of the set of points {D i , P j , Q r } in N . The fans Σ η for different permutations η give convex polyhedral cones, the so-called Gelfand-Kapranov-Zelevinsky cones cpl (Σ η ) in the vector space W , such that there are canonical maps and identifications
Lemma 5.2 Under these identifications, the cones cpl (Σ η ) are all contained in the nef cone
Proof This follows from the fact that the anticanonical hypersurface in X Ση 1 is Z, and nef divisor classes on the ambient space clearly restrict to nef classes on the hypersurface.
Thus one has
This is however not the full story. It is certainly possible that there are other subdivisions Σ 0 of Σ satisfying the property used above: the anticanonical hypersurface in X Σ 0 is isomorphic to Z. To treat these fans, I recall some definitions from [3, 6.2].
Suppose Σ is a fan in N R , Σ (1) the set of its one-dimensional cones. A linear circuit is a linearly dependent set S ⊂ Σ (1) , no subset of which is linearly dependent. One has a decomposition S = S + ∪S − (depending on a choice) where S + , respectively S − are the vectors appearing with positive, respectively negative coefficients in a linear relation. Correspondingly, there is a fan Σ + (S) given by cones spanned by S \ n i for n i ∈ S + and their subcones, and a similar fan Σ − (S).
A linear circuit S is said to be supported by Σ, if the following two conditions are satisfied:
• Σ + (S) is a subfan of Σ.
• Let σ be a top-dimensional cone of Σ + (S). If there exists a subset S ′ ⊂ Σ (1) such that σ ∪ S ′ generates a top-dimensional cone of Σ, then for all other topdimensional cones σ ′ of Σ + (S), σ ′ ∪ S ′ also generates a top-dimensional cone of Σ.
These definitions may appear to be a bit wild, but they are set up precisely so that the following holds: suppose that S is a linear circuit supported by Σ and both S − and S + are non-empty. Build a new fan Flip S (Σ) from Σ as follows: replace the simplices of Σ spanned by σ ∪ S ′ , where σ is a cone of Σ − (S) and S ′ ⊂ Σ (1) , by simplices spanned by σ ′ ∪ S ′ where σ ′ is a cone of Σ + (S). Then the fan Flip S (Σ) is simplicial and projective, and the cones cpl (Σ) and cpl (Flip S (Σ)) in the linear Gale transform W touch along a common face. Corresponding to the two fans in N R , there is a birational map
It is easy to check that in case S − contains only one element, this map is in fact a morphism contracting a divisor. If however both S − and S + contain more than one element, the birational map is a generalized flop, a small contraction followed by a small resolution. If the flop ϕ has exceptional locus disjoint from the anticanonical hypersurface of X Σ , it is called a trivial flop and in this case the flip attached to S is referred to as a trivial flip. Return to the lattice N containing the polyhedron ∆ * . Define a fan Σ 0 in N R to be good, if it satisfies the following Condition: There is a permutation η such that the fan Σ 0 can be obtained from the fan Σ η by a sequence of trivial flips.
The Condition implies that the set of one-dimensional cones of Σ 0 is precisely {D i , P i , Q i }. So the cones cpl (Σ 0 ) defined by the good fans Σ 0 embed canonically into W . As the flips involved are trivial, the proper transform of Z in X Σ 0 is isomorphic to Z. Thus setting
[3, Conjecture 6.2.8] states that this inclusion is in fact an equality. However, one has the following, the precise form of Theorem 0.3 stated in the Introduction: Proof Let Σ 0 be a good fan satisfying the condition that the cones over the tetrahedra
are top-dimensional cones in Σ 0 (see Figure) . Under this assumption, there are two interesting circuits supported on Σ 0 . The first one is
The linear relation is −3Q 10 + D 2 + D 4 + P 10 = 0 in obvious notation. Setting S + = {D 2 , D 4 , P 10 }, it is easy to check that the assumptions imply that S is supported on Σ 0 . The corresponding birational map ϕ 1 is a contraction of the divisor given by the one-dimensional cone spanned by Q 10 . It is easy to check that the exceptional divisor in the toric fourfold is P 1 × P 2 contracting to P 1 . In the threefold Z, this is the contraction of a P 2 to a singular point. This should be very familiar: this contraction is just part of the resolution process discussed in Section 2.
However, there is another circuit, S = {P 6 , P 7 , Q 10 }. The relation is −Q 10 + P 6 + P 7 = 0.
With S + = {P 6 , P 7 }, the circuit is supported on Σ 0 , and the corresponding map is contracting the same divisor P 1 × P 2 on the fourfold. However, the image of the exceptional divisor is now two-dimensional, the contraction is the obvious one to P 2 . This implies that the corresponding face of cpl (Σ 0 ) is a face of the cone K good : this is certainly not a trivial flip. When one restricts the contraction ϕ 2 to Z, one is supposed to contract the exceptional set Exc (ϕ 2 ) ∩ Z to P 2 . However, in the first part of the discussion I have shown that Exc (ϕ 2 )∩Z = Exc (ϕ 1 )∩Z = P 2 and under ϕ 2 , this maps isomorphically to P 2 . Hence the morphism ϕ 2 restricts as the identity to Z.
This however implies that the corresponding face is not in the boundary of K(Z), divisors in the face (and beyond) are still nef on Z. Thus the cone K(Z) is strictly larger than K good indeed, as claimed.
Remark 5.4
It is easy to see that possible examples of failure of [3, Conjecture 6.2.8] can only arise where the relevant face of K good gives a contraction with fibre dimension one. In all other cases, the hypersurface Z will contain at least one contracted curve, and so the face is indeed a face of the nef cone of Z.
From this point of view, it is instructive to consider the following, much simpler example: let P = P 1 ×P 3 and let Z be an anticanonical Calabi-Yau threefold. P has a nef cone with two faces, the faces corresponding to the contractions to the two factors. In particular, the nef cone of P is also the effective cone, the cone of effective classes.
One of the contractions restricts to Z as a K3 fibration. However, the (Stein factorization of) the morphism to P 3 is not a fibration, and not even a divisorial contraction: it is the contraction of a finite set of rational curves. In particular, it is a flopping face, there is another marked birational model for Z (which as an unmarked model is incidentally isomorphic to Z). What happens here is that the nef cones are the same, but the effective cone changes: the effective cone of Z is strictly bigger than its nef cone. Note that the trouble came again from a contraction of the toric ambient space of fibre dimension one. 
